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8:30-9:00
9:00-9:10
9:10-10:00
10:00-10:30
10:30-11:20
11:30-12:20
12:20-14:00
14:00-14:50
15:00-15:50
15:50-16:15
16:15-17:05
19:00-

Monday
Registration
Opening
Martio
Coffee
Hinkkanen
Lewis
Lunch
Drasin
Pankka
Coffee
Wu
Helsinki City Hall reception

9:00-9:50
10:00-10:50
10:50-11:15
11:15-12:05
12:05-13:30
13:30-14:20
14:30-15:20
15:20-15:45
15:45-16:35
16:45-17:35

Tuesday

Wednesday

Iwaniec
Mattila
Coffee
Vuorinen
Lunch
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Social program
Reception at Helsinki City Hall on Monday. Sponsored by the City of
Helsinki, the conference participants are welcome to an official reception by the City
of Helsinki at the Old Court House on Monday, June 18, at 19:00-20:00 (address:
Aleksanterinkatu 20).
Conference dinner on Wednesday. The conference dinner takes place on Wednesday evening (June 20, 19:00- ) at the Restaurant Paasin Kellari in Hakaniemi (address: Paasivuorenkatu 5 A).
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Abstracts
Monday, June 18
Modulus and perimeter
Olli Martio
University of Helsinki

A set E ⊂ Rn has finite perimeter if the function χE has bounded variation, i.e.
χE ∈ L1 (Rn ) and
Z
χE ∇ · ϕ dx : |ϕ| ≤ 1, ϕ ∈ C0 (Rn , Rn )} < ∞.
P (E) = sup{
Rn

Let Γ be a family of paths in Rn . The AM –modulus of Γ is defined as
Z
AM (Γ) = inf{lim inf
ρi dx}
i→∞

Rn

where the Rinfimum is taken over all sequences of Borel functions ρi ≥ 0 such that
lim inf i→∞ γ ρi ds ≥ 1 for all γ ∈ Γ. The perimeter of a Lebesgue measurable set
E with mn (E) < ∞ has the following (geometric?) characterizations in terms of
the AM –modulus of two path families intimately connected to te measure theoretic
properties of E:
AM (Γc∂∗ E ) = P (E) = AM (Γcross (E))
where Γc∂∗ E is the family of all paths γ : [a, b] → Rn which meet the measure theoretic
boundary ∂∗ E of E at an interior point of [a, b] and Γcross (E) is the family of all
paths which join the measure theoretic exterior to the measure theoretic interior of
E.
The results are joint work with V. Honzlová Exnerová and J. Malý.
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Quasiconformal mappings and the skew of triangles
Aimo Hinkkanen
University of Illinois at Urbana-Champaign

The skew of a topological triangle is the ratio between the largest and smallest
Euclidean distances between any two distinct vertices (thus only the vertices matter,
not the shape of the sides). This concept was introduced by John Hubbard who
proved that if, for a homeomorphism between plane domains, the skew of the image
triangle is bounded for all Euclidean triangles in the domain of definition with skew
below a certain absolute constant (about 1.53), then the mapping is quasiconformal.
Hubbard asked whether it suffices to consider only equilateral triangles. Javier
Aramayona and Peter Haı̈ssinsky showed that there exists a constant ε > 0 such
that it is sufficient that the skew of the image of every equilateral triangle is at
most 1 + ε. In joint work with Colleen Ackermann and Haı̈ssinsky, we have proved
Hubbard’s conjecture, that is, the mapping is quasiconformal if there is a uniform
bound for the skew of the image of every equilateral triangle (since quasiconformality
is a local property, it suffices to consider triangles contained in small neighbourhoods
of points of the domain). It is possible to base the proof on the metric or the analytic
definition of quasiconformality. We also obtain a bound for the maximal dilatation
of the mapping in terms of a suitable local bound for the skew.

Note on an eigenvalue problem
John Lewis
University of Kentucky

During the first few minutes of my talk I plan to discuss my memories of Seppo and
his work. After that we indicate what is known about p-harmonic functions v > 0
of the form
v(x) = v(r, θ) = rλ f (θ), λ > 0,
in K when either K is Euclidean n-space or a cone, in which case we also assume
v ≡ 0 on ∂K \ {0}. Here x = (x1 , . . . , xn ) and r = |x|, x1 = r cos θ, 0 ≤ θ ≤ π. If
K(α) = {(r, θ) : 0 < θ < α}, α ∈ (0, π], we then survey what is known about the
relationship between α, λ, for a fixed p > 1, and our attempts to solve a related
eigenvalue problem for a nonlinear first order differential equation when α = π
and p > n − 1. Next we sketch a finess type argument which shows for α = π and
n > p > n−1 that λ = 1−(n−1)/p. Time permitting we also discuss generalizations
and applications of this result.
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My odyssey with Seppo Rickman and constructions in
Nevanlinna’s theory
David Drasin
Purdue University

Seppo’s mathematical interests and personal qualities have been a significant part
of my mathematical development for over 45 years. Without his help (and those of
his group here in Helsinki) it would have been far more difficult for my solution of
the Nevanlinna Inverse Problem to have reached correct and final form. Although
our interests originally were in very different aspects of value-distribution theory,
we continued to follow each other’s work and met regularly throughout the next
30 years. By then, the most interesting direction value-distribution theory had
moved to understanding his indispensable insights and constructions with quasiregular mappings, and the hours spent going over his Picard construction in 2006-7
were the highlight of my visit here. I returned to America thrilled that I finally
understood this work, although I had no idea of how this knowledge might be used.
That this was not the end of the story was due to further contacts which were developed also through Seppo here in Helsinki. In the time remaining, I would like to
explain how I came to appreciate this remarkable work, and helped see it continue
its flowering.

Deformation in higher dimensions
Pekka Pankka
University of Helsinki

Rickman’s Picard construction (1985) has three main methods which are ubiquitous
in his later work on constructions: caving, deformation, and sheets.
The deformation we may understand as a construction of three dimensional
branched covers extending planar Alexander maps, or equivalently as branched cover
homotopies between planar Alexander maps. In three dimensional constructions of
quasiregular maps, deformation provides an important extension method.
In this talk I will discuss Rickman’s deformation methods in higher dimensions.
Although some of the flexibility of the two dimension theory is lost, we recover
Rickman’s result on the normal form for Alexander maps which stems from canonical
triangulations of shellable cubical complexes. This is joint work with Jang-Mei Wu.
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Quasiregular branched covers between manifolds
Jang-Mei Wu
University of Illinois at Urbana-Champaign

We discuss the existence of quasiregular branched covers between n-manifolds
with boundary, and its applications. The study of branched covers of this type
in dimension three has its origin in Berstein-Edmonds (1979) and Heinonen and
Rickman (2002).
We are particularly interested in K-quasiregular branched covers for which the
boundary restrictions are Alexander maps of arbitrarily high degrees, while the
distortion K remains bounded. All three of Rickman’s fundamental ideas – caving,
deformation, and sheets – in his Picard construction are used in an essential way in
the construction.
As applications, we discuss the higher dimension extensions of Rickman’s large
local index theorem, Heinonen-Rickman’s wild branch sets, and the existence of
Julia sets of UQR maps that are wild Cantor sets.
This is joint work with Pekka Pankka.

Tuesday, June 19
Variational approach to quasiconformal geometry and
nonlinear elasticity
Tadeusz Iwaniec
Syracuse University

This is an overview of recent joint work with Jani Onninen. Energy-minimal configurations in mathematical models of Nonlinear Elasticity (NE) are profoundly
insightful for Geometric Function Theory (GFT) through variational integrals. The
energy-integrals are subjected to Sobolev homeomorphisms and their weak and
strong limits. For example, a little reflection on Teichmüller theory of quasiconformal
deformations encourages to study mappings of smallest Lp -norm of the distortion
functions, referred to as Lp -Grötzsch extremals. We shall illustrate the concept of
free-Lagrangians as a tool for solving other extremal problems. Conversely, Hopf
quadratic differentials in planar GFT carry mysteries of a lot of things in mathematical models of elastic deformations, such as fractures and formation of cracks.
Cracks propagate along vertical trajectories of a Hopf differential; a phenomenon
that should appeal to researchers in the engineering fields as well.
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Marstrand’s projection theorem; extensions and connections
Pertti Mattila
University of Helsinki

Marstrand proved in 1954 that a Borel set in the plane projects into a set of positive
length in almost all directions if its Hausdorff dimension is bigger than one, otherwise
the dimension is preserved under almost all projections. I shall give a survey of some
extensions and related results as well as connections to the Kakeya problem.

Metric properties of quasiconformal mappings
Matti Vuorinen
University of Turku

This talk gives an overview of my research interests, connected with the theory of
quasiconformal (qc) and quasiregular (qr) mappings in the Euclidean space Rn , n ≥
2. Mostly the results are recent but also old results of current interest may be
discussed. The talk will discuss the distortion theory of these mappings, i.e. how qc
and qr maps transform distances between points. When the important parameter
K , the maximal dilatation of a mapping, tends to unity, we get conformal maps
and analytic functions as a particular case. Our goal is to get sharp results in the
limiting case K → 1 . Some novel metrics are mentioned. The talk is based on joint
work with several coauthors, mostly with my former students. In particular, the
three latest coauthors are G. Wang, X. Zhang, and P. Hariri. Some open problems
will be pointed out.
• P. Hariri: Hyperbolic type metrics in geometric function theory, PhD thesis,
University of Turku, 2018, http://www.utupub.fi/handle/10024/144625.
• P. Hariri, M. Vuorinen, and X. Zhang: Inequalities and bilipschitz
conditions for triangular ratio metric. Rocky Mountain Math. J. 47, Number
3, 1121–1148, 2017 arXiv: 1411.2747 [math.MG]
• R. Klén, M. Vuorinen and X. Zhang: On isometries of conformally invariant metric. J Geom Anal (2016) 26:914–923, arXiv:1411.4381 [math.CV].
• G. Wang and M. Vuorinen: The visual angle metric and quasiregular
maps. Proc. Amer. Math. Soc. 144, 11, (2016), 4899–4912, arXiv:1505.00607
[math.CA].
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Intrinsic graphs, singular integrals, and Lipschitz harmonic
functions in the Heisenberg group
Katrin Fässler
University of Fribourg,

The Heisenberg group H1 is a Lie group that can be endowed with a left-invariant
distance d closely connected to a second order PDE, the sub-Laplace equation.
Solutions to this equation are the harmonic functions in H1 . In analogy with Rn ,
a closed set E ⊂ H1 is said to be removable for Lipschitz harmonic functions if for
every open set D ⊇ E, every Lipschitz function f : D → R that is harmonic in
D \ E, is in fact harmonic in D. Examples of Ahlfors regular sets of codimension
1 in H1 that are removable for Lipschitz harmonic functions were constructed by
V. Chousionis and P. Mattila. In this talk, which is based on joint work with
V. Chousionis and T. Orponen, I will present surfaces - certain intrinsic graphs –
that are not removable for Lipschitz harmonic functions. The non-removability is
connected to the L2 boundedness of the Heisenberg Riesz transform on the respective
set. I will discuss this transform as an instance of a singular integral operator whose
kernel has good cancellation properties for the problem at hand, even if it is not
antisymmetric.

The Rickman-Picard theorem
Mario Bonk
University of California, Los Angeles

In 1980 Seppo Rickman proved a remarkable generalization of the classical Picard
theorem for quasiregular maps: every non-constant K-quasiregular map from Rn
into the n-sphere can omit at most q points, where q depends only on n and K.
This has inspired much subsequent work by other researchers. In my talk I will give
a survey of some recent developments in this area.

Cohomological obstructions for uniformly quasiregular maps
Ilmari Kangasniemi
University of Helsinki

A quasiregular self-map whose iterates admit a shared distortion constant is called
uniformly quasiregular (UQR). While nontrivial examples of UQR maps exist on
closed manifolds universally covered by the n-sphere, examples on other closed manifolds are very limited in comparison. In this talk, I discuss a recent cohomologybased method for finding obstructions for UQR maps on closed manifolds. The
method yields restrictions for the topological degree and Julia set of UQR maps,
and a sharp Bonk-Heinonen -type cohomology bound for closed manifolds admitting
a non-constant non-injective UQR map. Includes joint work with Pekka Pankka.
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A bound on the cohomology of quasiregularly elliptic
manifolds
Eden Prywes
University of California, Los Angeles

A classical result gives that if there exists a holomorphic mapping f : C → M , then
M is homeomorphic to S2 or S1 × S1 , where M is a compact Riemann surface.
I will discuss a generalization of this problem to higher dimensions. I will show
that if M is a d-dimensional, closed, connected, orientable Riemannian manifold
that admits a quasiregular mapping from Rd , then
 the dimension of the degree l de
Rham cohomology of M is bounded above by dl . This is a sharp upper bound that
proves a conjencture by Bonk and Heinonen. A corollary of this theorem answers an
open problem posed by Gromov. He asked whether there exists a simply connected
manifold that does not admit a quasiregular map from Rd . The result gives an
affirmative answer to this question.

Wednesday, June 20
Noncollapsed Gromov-Hausdorff limit spaces with Ricci
curvature bounded below
Jeff Cheeger
Courant Institute of Mathematical Sciences

We will discuss recent work with Aaron Naber and Wenshuai Jiang on the structure
dGH
of Gromov-Hausdorff limit spaces (Min , gi , pi ) −→
(X n , d, p), with RicMin ≥ −(n−1)
and Vol(B1 (pi )) ≥ v > 0. By definition, the singular set S is the set of points for
which no tangent cone is isometric to Euclidean space Rn . Elementary examples
show that S need not be closed. By work of Cheeger-Colding, the Hausorff dimension
of S satisfies the sharp bound dimS ≤ n − 2. We
S show in particular there is a
filtration by closed (n − 2)-rectifiable subsets, S = >0 S , such that R := X n \ S
is bi-Hölder to a smooth Riemannian manifold and the Hausdorff (n−2)-dimensional
Hausdorff measure of S satisfies Hn−2 (S ∩ B1 (p)) ≤ c(n, v, ). These results follow
from stronger results on the quantitative stratification, which in turn follow from
results on neck regions and neck decompositions.
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Random tilings, free boundary problems and the Beltrami
equation
Kari Astala
Aalto University

Scaling limits of random structures in two dimensions often posses some conformal
invariance properties, giving ways to methods of geometric analysis.
Among the fascinating questions here are the configurations of random tilings
under scaling limits, and the boundaries between their ordered and disordered (or
liquid and frozen) limit regions.
The liquid region carries a natural complex structure, which can be described by
a quasilinear Beltrami equation with very specific properties. On the other hand,
the boundary of the liquid domain can be identified by a (very degenerate) free
boundary problem.
In this talk, based on joint work with E. Duse, I. Prause and X. Zhong, I show
how these methods lead to understanding and classifying the geometry of the limiting
boundaries for different random tilings and other dimer models.

Boundary behavior of quasiregular maps in Bn
Kai Rajala
University of Jyväskylä

One of the outstanding open problems in quasiregular mapping theory is to understand boundary limits of maps in the unit ball. We will present some of the known
results and connections.

Quasiconformal mappings between Ahlfors Q-regular spaces
supporting a 1-Poincaré inequality, and sets of finite
perimeter
Nageswari Shanmugalingam
University of Cincinnati

A paper of J. C. Kelly, published in 1973 in Transactions of the AMS, states that
quasiconformal mappings between two Euclidean domains quasi-preserve families of
surfaces that are boundaries of a certain class of sets of finite perimeter. In this talk
we will describe a more general quasi-preservation result for “essential” boundaries
of sets of finite perimeter by quasiconformal mappings between two complete Ahlfors
Q-regular spaces supporting a 1-Poincaré inequality. This talk is based on the joint
work with Panu Lahti and Rebekah Jones.
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Distortion of dimension by Sobolev and quasiconformal
mappings
Jeremy Tyson
University of Illinois at Urbana-Champaign

The behavior of a Sobolev or quasiconformal mapping on a generic member of a parameterized family of subsets may be significantly better than its worst-case behavior. For instance, quasiconformal mappings are absolutely continuous along almost
every parallel line, but can distort the dimensions of individual lines rather badly. I
will discuss the effect of quasiconformal and supercritical Sobolev mappings on the
Hausdorff dimensions of generic elements in several parameterized families of sets:
parallel affine Euclidean subspaces, Grassmannians, left and right cosets of homogeneous subgroups of the Heisenberg group, and fibers of a David-Semmes regular
mapping between metric spaces of bounded geometry. These results are new already
for quasiconformal mappings of the plane, and hold more generally for mappings into
general metric spaces. Supercritical Sobolev integrability is necessary: there exist
critical Sobolev surjections from low-dimensional cubes onto a wide variety of metric
spaces, including infinite-dimensional spaces. This talk is based on joint work with
Balogh, Hajlasz, Mattila, Monti, and Wildrick.

Random Kleinian groups
Gaven Martin
Massey University

This talk seeks to motivate and explore what it means to choose a random subgroup
of SL(2,C). Then we seek to identify a geometrically natural probability distribution
from which we can make meaningful calculations and discuss the probability that
a finitely generated subgroup is discrete particularly in the case of two-generator
subgroups. An interesting special case concerns groups generated by two parabolics
where precise answers are possible. Fixing the genus of a punctured surface then
allows us to think about random conformal structures. The easiest case is the punctured torus where there is a very natural probability distribution given by looking
at random ideal quadrilaterals and connecting this to a Gaussian like distribution
on the moduli space allows us to compute the expected value of geometric invariants, such as the shortest geodesic and the distance to the origin in the Teichmüller
metric.
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Controlled diffeomorphic extension of homeomorphisms
Pekka Koskela
University of Jyväskylä

Given a self-homeomorphism of the unit circle, the Poisson extension gives a harmonic diffeomorphism of the unit disk with p-integrable derivatives for all p strictly
less than 2. This was shown by Verchota in 2007. Later sharp estimates and conditions for the extension to have 2-integrable derivatives were given by Astala, Iwaniec,
Martin, Onninen and Sbordone. We give generalizations of these results and also
analogous results for homeomorphisms of the unit circle onto an inner chord-arc
curve. When the interior of this curve fails to be convex, our extension is not
harmonic. This is joint work with my students Zhuang Wang and Haiqing Xu.
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